We present matching factors for Z q calculated perturbatively at the one-loop level with improved staggered quarks. We calculate Z q with HYP-smeared staggered quarks and Symanzik-improved gluons using both RI-MOM and RI -MOM schemes. We compare the results with those obtained using the nonperturbative renormalization (NPR) method.
Introduction
In order to convert the results for matrix elements from lattice QCD into those in a continuum scheme, we need to calculate the corresponding renormalization factors. This can be done either using perturbation theory (PT) or with a non-perturbative method such as non-perturbative renormalization (NPR). The former suffers from truncation errors, while the latter has the usual systematic errors associated with lattice quantities, as well as the need for a window in which Λ QCD µ 1/a, where µ is the renormalization scale. Although NPR is generally preferred, it is useful to make detailed comparisons with PT, in particular since some lattice calculations of matrix elements use perturbative matching. Here we present such a comparison for the Z q , the quark field renormalization, which is an ingredient in NPR calculations for almost all operators. Specifically, we compare one-loop results for the asqtad action and HYP-smeared staggered valence quarks with those obtained using NPR on the MILC "coarse" ensemble (a ≈ 0.12 fm).
Feynman rules
The free propagator for HYP staggered quarks in Fig. 1a is (with color factors excluded)
where p = p + π a A, and q = q + π a B. Here, p µ , q ν ∈ − π 2a , + π 2a are momenta defined in the reduced Brillouin zone [1] ,δ (p − q ) is the periodic delta function which is nonzero for q µ = p µ (mod 2π a ), and A and B are hypercubic vectors: A µ , B ν ∈ {0, 1}. The spin-taste factors (γ S ⊗ ξ F ) AB are explained in Ref. [1] .
The HYP action uses HYP-smeared links, V µ , which must be expressed in terms of the original thin links U µ . To do so we expand both links as
where
The latter can be written as a perturbative expansion in powers of A µ (x)'s
where B
(n) µ stands for a term of order A µ n . Only the linear term, B
µ (x), contributes to the renormalization at the one-loop level [1, 2] . The relation between B
(1)
where h µν (k) is the smearing kernel which describes details of the blocking transformation for the fat link.
Here, µ = ν = ρ = σ ands µ = sin(ak µ /2). In order to remove O a 2 taste symmetry breaking interactions at tree level, we choose the parameters to be [3]
The Feynman rule for the one-gluon emission vertex of Fig. 1b is
where T I is the SU(3) color generator, while that for the two-gluon emission vertex of Fig. 1c is
The MILC asqtad ensembles use a Symanzik-improved gluon action. The corresponding gluon propagator can be written as [4] D Imp.
where α = 0(1) for Feynman (Landau) gauge. The notation in this result is explained in Ref. [4] . Although the gluon action used in generating the MILC lattices includes improvements beyond tree level, for our one-loop perturbative calculation it is appropriate to use the tree-level Symanzik improvement coefficients, with the redundant coefficient chosen according to the the convention of Ref. [5] . This choice fixes the constants in Eq. (2.11).
Staggered quark self energy
Using the Feynman rules given above, we can express the one-loop quark self-energy as
Figure 2: Feynman diagrams for quark self energy at the one-loop level
In Eq. (3.1), the first term corresponds to Fig. 2a and the second to Fig. 2b . We use the technical tools in Ref. [6] to calculate the integrals in Eq. (3.1). If we choose the momentum p so that |ap µ | 1, we can rewrite the self energy as
4)
Here, Z +ZT = 0.7737683(12), ZM = 13.242431 (11) , and F 0000 −γ E +1 = 4.7920095689746 (13) are numerical results for the Feynman diagrams obtained using the VEGAS algorithm [7] . The inverse quark propagator S −1 can now be expressed as
As usual, this form holds to all orders in perturbation theory, although here we use only the one loop form of Σ 1,2 .
Results for Z q in the RI-MOM scheme
Using the Ward identity following from the conservation of the vector current (which holds also with staggered fermions) one can derive the following identity for Z q in the RI-MOM scheme [8] :
Substituting Eq. (3.6) into this result we find
Similarly, implementing the RI -MOM scheme of Ref. [8] (as has been done with staggered fermions in Ref. [9] ) we find
The result differs only in the absence of the last term in Eq. (4.2).
Combining results for Σ 1 in Eq. (3.4) in the chiral limit (m 0 = 0) with the master formulae Eqs. (4.2) and (4.3) we obtain the one-loop results for Z q and Z q :
where X ≡ F 0000 − γ E + 1.
To evaluate Z q and Z q for scales µ far from 1/a, we use the horizontal matching method of Refs. [10, 11] . We first set µ = 1/a in the one-loop results, and then evolve Z q from µ = 1/a to the final scale µ 0 with four-loop running, using the results from Ref. [12] . Typically we use µ 0 = 2GeV or 3GeV. The result is 6) where the prefactors c(µ 0 )/c(µ) and c (µ 0 )/c (µ) are the four-loop RG running factors in the RI-MOM and RI -MOM schemes, respectively. When using these formulae to give numerical values for Z q and Z q we estimate the systematic error due to truncating the perturbative series at one loop by assuming an O(1) coefficient of the missing α 2 s term. Specifically, following Ref. [13] , we estimate the truncation error to be
Specifically, we use α s (µ = 1/a) in the MS scheme, evaluated from the PDG value for α s (M Z ) using four-loop running.
Numerical results for Z q
In Fig. 3 , we present results for Z q and Z q , evaluated in perturbation theory in Landau gauge, at three scales: µ 0 = 1/a (blue circles), µ 0 = 2GeV (green circles) and µ 0 = 3GeV (red circles), using Eq. (4.6). In Table 1a , we give the corresponding numerical values.
We now compare the results with those obtained using nonperturbatively. We have results for Z q in the RI-MOM scheme using NPR with HYP-smeared staggered fermions on the MILC 
Landau Gauge
Feynman Gauge One-loop
One-loop asqtad coarse lattice ensemble 2064f21b676m010m050, for which 1/a = 1.657(2)GeV [14, 15] . We present these results in Table 1b . Here, NPR γ µ ⊗ 1 (γ µ5 ⊗ ξ 5 ) indicates results for Z q obtained using the conserved vector (axial) current. The errors are, respectively, statistical and systematic. A graphical comparison is shown in Fig. 4 . We find that all the results are consistent within the quoted uncertainties, with the results from NPR being significantly more accurate. 
